Understanding correlation effects in topological phases and their transitions is a cutting-edge area of research in recent condensed matter physics. We study topological quantum phase transitions (TQPTs) between double-Weyl semimetals (DWSMs) and insulators, and argue that a novel class of quantum criticality appears at the TQPT characterized by emergent anisotropic non-Fermi liquid behaviors, in which the interplay between the Coulomb interaction and electronic critical modes induces not only anisotropic renormalization of the Coulomb interaction but also strongly correlated electronic excitation. Using the standard renormalization group methods, large N f theory and the = 4 − d method with fermion flavor number N f and spatial dimension d, we obtain the anomalous dimensions of electrons (η f = 0.366/N f ) in large N f theory and the associated anisotropic scaling relations of various physical observables. Our results may be observed in candidate materials for DWSMs such as HgCr2Se4 or SrSi2 when the system undergoes a TQPT.
Introduction. -Quantum criticality and topology play key roles in modern condensed matter physics [1] [2] [3] [4] [5] , and the two concepts become naturally important near TQPTs. Recently, there has been a surge of interest in TQPTs [6] [7] [8] [9] [10] [11] . The simplest class is described by the weakly interacting Dirac fermions, and it is well understood that the sign of the Dirac mass terms determines adjacent topological phases [12] [13] [14] . Since quasiparticles are well defined, non-interacting tight-binding models are sufficient to describe TQPTs in this class.
Beyond the simplest class, however, our understanding of TQPTs is far from complete. The long-range Coulomb interaction may drastically change the properties of non-interacting fermions near TQPTs, and the non-interacting tight-binding models cannot describe some classes of TQPTs. The interplay between critical electronic modes and the Coulomb interaction becomes significant, and quantum critical non-Fermi liquid states may appear with emergent particle-hole and rotational symmetries [15] [16] [17] [18] [19] . Moreover, the interplay may also give rise to weakly coupled but infinitely anisotropic excitations in a class of TQPTs [20] [21] [22] [23] [24] . Thus, it is vital to deepen our understanding of TQPTs beyond the simplest class.
In this work, we uncover a novel class of TQPTs which shows emergent anisotropic non-Fermi liquid behaviors associated with topological nature of electronic wave functions. Our target system is the DWSM adjacent to insulator phases under the long-range Coulomb interaction. Using the standard renormalization group (RG) methods, we find novel quantum critical phenomena at a TQPT between the two phases. Importantly, the TQPT exhibits emergent anisotropy in the sense that the power-law dependences of the energy dispersion and the Coulomb interaction on momentum become anisotropic, even though they are initially set to be the same in all directions. The anisotropic momentum dependence with non-Fermi liquid behaviors is the hallmark of our quan-tum criticality, and we calculate its experimental signatures in physical observables such as the specific heat, compressibility, diamagnetic susceptibility, and optical conductivity.
Model. -We consider a minimal lattice model of DWSMs with a four-fold rotational symmetry C 4 with a rotational axis along the z direction [25] [26] [27] [28] [29] ,
where M z (k) = m z − t z cos(k z a 0 ) + m 0 [2 − cos(k x a 0 ) − cos(k y a 0 )] and a 0 is the lattice constant. In general, C 4 symmetry does not imply t x = t y . However, in the presence of the Coulomb interaction, t x = t y emerges at low energies. A detailed proof on the emergent t x = t y can be found in the Supplemental Material [29] . For |m z | < t z , the Hamiltonian supports two double-Weyl nodes at k = (0, 0, ±k * z ), where k * z = a −1 0 cos −1 (m z /t z ), which are characterized by the Chern numbers ±2 around the points [25] . For |m z | > t z , the system shows an insulator phase. At |m z | = t z , a quantum phase transi- tion occurs between the DWSM and insulator phases, as shown in Fig. 1 . Neglecting m 0 for simplicity, we obtain the low-energy effective Hamiltonian near the transition point given by
x − k 2 y )σ x + 2k x k y σ y ] + (t z k 2 z + m)σ z , (2) where t r = t x a 2 0 and t z = t z a 2 0 . Here, a tuning parameter of the TQPT, m ∝ |m z | − t z , is introduced. The energy eigenvalues of the Hamiltonian are given by E ± (k) = ± t 2 r (k 2 x + k 2 y ) 2 + (t z k 2 z + m) 2 , and at m = 0 the energy dispersion becomes quadratic in all three directions.
The corresponding effective action with the long-range Coulomb interaction is
with e 0 and ε being the bare charge and the dielectric constant, respectively, ψ is a spinor with 2N f components, and φ is a bosonic field describing the long-range Coulomb interaction. The parameter a is introduced to characterize the anisotropy ratio of the Coulomb interaction between the xy-plane and the z-axis. For later usage, we define the following dimensionless parameters,
Here, α represents the ratio of the Coulomb potential and the electron kinetic energy, β −1 is the anisotropy parameter for the fermionic fields, and γ is the combination of the two anisotropy parameters a and β. We assume that all the four-Fermi interactions, u ijkl ψ † i ψ † j ψ k ψ l , are set to be small at the lattice-spacing scale and flow into the trivial fixed point as in the literature [30] .
The bare scaling dimensions of the parameters can be obtained by setting
Here, the dimension of the space along the z-axis is extended from the physical dimension of 1 to d − 2. This extension is needed for the = 4 − d expansion method, as will be explained later. If we set (t z , t r , a) marginal, z = 2 and z ⊥ = 1 thus, for d = 3 the non-interacting fixed point becomes unstable because of the relevant coupling constant g 2 , similar to that of the Luttinger-Abrikosov-Beneslavskii (LAB) phase [17, 31, 32] . We stress that at our fixed point, the system becomes highly anisotropic, which is fundamentally different from the isotropic LAB phase even though the bare scaling gives the same scaling dimensions.
To deal with the relevant parameter, we employ the large N f method and the = 4 − d expansion method, qz qr = ξR sin θ, we present the numerical and analytic values for θ = 0 (blue), π/6 (yellow), π/4 (green), and π/3 (red). The dotted points represent the exact numerical values, and the solid lines represent the values obtained by the ansatz in Eq. (6) . The ansatz is in good agreement with the exact numerical values. and find that both methods give consistent results for the emergent anisotropic non-Fermi behaviors.
Large N f calculation. -We first use the large N f method since it is naturally extended from the conventional random phase approximation [20, 21, [33] [34] [35] . The boson self-energy is (5) with the fermion propagator G 0 (iω, k) = (−iω + H 0 (k)) −1 .
Here, we use the notation ω,k = dω 2π dkxdky (2π) 2 dkz 2π , where dkz 2π stands for an integration over µ < |k z | < Λ with the infrared (IR) cutoff µ and the ultra-violet (UV) cutoff Λ. A detailed exposition of the boson self-energy is presented in the Supplemental Material [29] . We propose the following ansatz for the boson self-energy at one-loop level:
where q r ≡ q 2 x + q 2 y and
with C r1 = 0.041, C r2 = 1.199, C z1 = 0.016, and C z2 = 1.267. We illustrate the dimensionless function F (x, y) in Fig. 2 (a) and compare it with the exact numerical values in Fig. 2(b) . The one-loop boson self-energy modifies the Coulomb potential in momentum space as
where D 0 (q) = aq 2 r + 1 a q 2 z −1 is the bare boson propagator. In the static (Ω = 0) and long wave length (q → 0) limit, the self-energy dominates the bare propagator since it linearly depends on the momentum in this limit. Thus, we take the boson self-energy as the main contribution to the renormalized Coulomb interaction, D(iΩ, q) 1 −Π(iΩ,q) . This indicates that the boson is strongly renormalized from the quadratic to a linear momentum dependence, exhibiting the anomalous dimension of order one at the TQPT. This approximation has been well established in large N f analysis and is checked afterward.
The fermion self-energy with the renormalized Coulomb interaction is (9) and the fermion part of the action is modified by the fermion self-energy as
It is straightforward to show that the corrections from the self-energy are logarithmically divergent in both UV and IR cutoffs, respectively, and we find
where C ω = 0.366, C tr = 0.614, C tz = 0.341, and = log Λ µ is the RG parameter. For the details, see the Supplemental Material [29] .
We also evaluate the vertex correction at vanishing external momentum and frequency,
where C g = 0.366, which is exactly the same as C ω . This agreement is not a coincidence but instead a consequence of the Ward identity δ g = ∂Σ/∂(iω).
Using the logarithmic dependence of the self-energy, one can find various anomalous dimensions. The scale invariance at the critical point forces renormalization of the fermion fields with the anomalous dimension η f = Cω N f . The non-zero anomalous dimension clearly indicates non-Fermi liquid behaviors of the fermionic excitations, which can be understood by the absence of the pole structure in the fermionic Green function.
From Eq. (11), the RG equations for t r and t z are given by
From Eq. (13), we find 1
> 0, indicating that β −1 diverges at the TQPT and that the fermionic excitations become highly anisotropic at low energies. Thus, our critical theory is described by an emergent anisotropic non-Fermi liquid. = 4 − d expansion.
-Our large N f calculation is further supported by the standard = 4 − d expansion [17, [36] [37] [38] . Here, we introduce a new renormalization scheme in which the three spatial dimensions are embedded into a manifold that has more coordinates in the direction of the rotational axis (z-direction). Namely, we extend the coordinates as
with k 2 z → k 2 z +p 2 , and the momentum p lives in a (d−3)dimensional manifold. Recalling [g 2 ] = z − z ⊥ + 3 − d with z = 2 and z ⊥ = 1, the coupling constant becomes marginal at d = 4 and the quantum fluctuations give logarithmic divergences. To read off these logarithmic divergences, we introduce the parameter = 4 − d and employ the standard momentum shell RG analysis with expansion. For the momentum shell integration, we impose the UV and IR cutoffs on the (d − 2)-dimensional space of (k z , p) as
where ∂Λ represents an infinitesimal momentum shell µ < k 2 z + p 2 < Λ with µ = Λe − . By integrating out the high energy modes, we obtain corrections at one-loop order. The fermion self-energy depicted by the diagram in Fig. 3 (a) is given by
where F ⊥ and F z are dimensionless functions, whose explicit expressions are presented in the Supplemental Material [29] . Note that the frequency part is not renormalized at the one-loop order because of the instantaneous nature of the bare Coulomb interaction. Then, it is easy to see that the vertex correction [ Fig. 3 (c)] vanishes due to the Ward identity. For the boson self-energy [ Fig. 3 
Renormalizing the wave functions and the coupling constants, we obtain the RG equations for α and γ as
where F ± (x) = F z (x) ± F ⊥ (x). We find two fixed points from the RG equations in Eq. (18) . The non-interacting fixed point α * = 0 with arbitrary γ * is unstable, whereas there exists a stable interacting fixed point at (α * ,γ * ) with α * > 0. For N f = 1 and = 1, the stable fixed point is located at (α * , γ * ) = (0.671, 0.748), and for large
The RG flows of α and γ are illustrated in Fig. 4 . At the stable fixed point, the RG equations for the bosonic and fermionic anisotropy parameters are given by, respectively,
where f.p. stands for the fixed point. Note that β −1 diverges at the stable fixed point as in the large N f calculation demonstrating an emergent anisotropic non-Fermi liquid, which becomes a sanity check of our analysis. Also note that the anomalous dimension of fermions in the current expansion is zero due to the absence of the frequency dependence in the fermion self-energy. This is an artifact of the expansion up to first order, which can be corrected using the next order calculations, giving a consistent result with the large N f calculation (for details, see the Supplemental Material [29] ). Our calculations are controlled by either or 1/N f . Thus, the scaling dimensions of the four-point interactions at the stable fixed point are the same as the bare one at the leading order, [u ijkl ] = −1 + O( or 1/N f ), which indicates that our fixed point is stable under the four-point interactions.
Physical observables. -Recently, several materials [26, [39] [40] [41] [42] have been proposed as possible candidates for DWSMs, in which TQPTs may occur by tuning the system parameters. For example, it has been theoretically demonstrated that SrSi 2 can be tuned by changing the lattice constant through doping or strain, leading to a transition from the DWSM to a trivial insulator phase [42] . Since the anisotropic non-Fermi liquid behavior at the TQPT will provide power-law corrections anisotropically to the scaling of physical observables [34, 43, 44] , the anisotropic scaling relations will be valuable to experiments.
First, consider the parameter dependence of physical observables in the non-interacting limit [27] [28] [29] [45] [46] [47] [48] . The details are presented in the Supplemental Material [29] . In the non-interacting limit, the specific heat C V , compressibility κ, diamagnetic susceptibility χ D , and optical conductivity σ are give by
Here, χ D,x = χ D,y = χ D,⊥ and σ xx = σ yy = σ ⊥⊥ because of the C 4 symmetry of the Hamiltonian. We also assume t x = t y = t r for simplicity. Now, consider how the anisotropic non-Fermi liquids change the bare scaling behaviors of the physical observables. From the expansion, the RG equations for t r and t z are given by
where ln b ≡ . Let us choose z = 2 and z ⊥ = 1 so that t r and t z are marginal at the tree level. Since
Then, near the interacting fixed point, the scaling relations of the physical observables with respect to either temperature or frequency become
(Equivalently, we can obtain the same results by including all the effects of renormalization in the coordinates rather than the system parameters, as presented in the Supplemental Material [29] .) Thus, it is easily seen that the diamagnetic susceptibility and optical conductivity show anisotropic scaling behaviors,
In addition, the permittivity tensor characterizing the charge screening also exhibits the anisotropic behavior, ε ⊥ /ε z = a 2 ∝ Ω η2−η3 . By measuring these ratios, we can clearly see the anisotropic scaling behaviors at the TQPT.
Discussion and Conclusion. -So far, for simplicity we ignored m 0 in Eq. (1) and the corresponding s r (k 2
x + k 2 y )σ z term with s r = m 0 a 2 0 in H 0 , which is allowed by symmetry. If we include the effect of this term, we find that there still exists a stable non-Gaussian fixed point at (α * , γ * , λ * ) = (0.342 /N f , 0.799 − 0.079/N f , −sgn(β)(0.875 + 0.032/N f )) in the expansion (λ = s r /t r ), indicating that the anisotropic non-Fermi liquid behavior is robust against the s r (k 2
x + k 2 y )σ z term. The details are presented in the Supplemental Material [29] . Note that for a TQPT between triple-Weyl semimetals [46] , we believe that similar symmetryallowed parabolic term should be considered.
In summary, we studied TQPTs between DWSMs and insulators using the large N f theory and epsilon expansion. We found that a novel class of quantum criticality appears at the TQPT characterized by emergent anisotropic non-Fermi liquid behaviors in which critical electronic modes and the long-range Coulomb interaction are strongly coupled, and the system becomes infinitely anisotropic. The anisotropic behaviors at the TQPT will be demonstrated experimentally by measuring the power-law corrections to the diamagnetic susceptibility χ D,⊥ /χ D,z ∝ T η2−η3 and optical conductivity σ zz /σ xx ∝ Ω η2−η3 .
We thank S. X. Zhang, S. K. Jian In this section, we provide detailed calculations of the = 4 − d method. First, we prove that t x = t y and a x = a y at low energies. Next, we derive the renormalization group (RG) equations using the = 4 − d expansion. Then we discuss the effect of the symmetry-allowed parabolic term, which is neglected in the main text, demonstrating that the TQPT is still characterized by anisotropic non-Fermi liquids.
Consider the leading-order self-energy corrections for fermions and bosons:
where Ω,q,p = Ω dΩ 2π
where ε
Proof of the emergent rotational symmetry along the kz-axis
Proof of ax = ay
First, let us prove that a x = a y at low energies. From the self-energy of the Coulomb interaction at Ω = 0,
where ε i± = ε i (q ± k/2) and E ± = i ε 2 i± . We find that the coefficients of the k 2
x and k 2 y terms are the same, which we denote as C a , are given by
where = ln(Λ/µ). Let C a = −C a / , which is positive regardless of t x , t y and t z . Then, the beta function of a x /a y is
Since C a is positive, a x = a y at low energies.
Proof of tx = ty
From now on, we employ the following form of the Coulomb interaction propagator with a x = a y ≡ a and a z = 1/a,
Then
where
To prove t x = t y at low energies, let us define T = t x /t y . Then, the beta function of T is given by
From Eqs. (S10) and (S11), δ tx − δ ty is given by
where β ≡ t z /t y . Expanding δ tx − δ ty in terms of δT = T − 1, then we have
(S16)
Note that G T (γ) is positive for all γ. Then, we see
is negative (positive) for positive (negative) δT . Therefore, δT flows to 0, which means T = 1 is a stable fixed point and we arrive at the conclusion that t x = t y ≡ t r at the low energies. Combining the results of Secs. and , we can use the following form of action at low energies,
Renormalization group equations in the = 4 − d expansion
In this section, we will show the details of the RG analysis using the = 4 − d expansion. From Eqs. (S5) and (S10)−(S12) with t x = t y = t r and a x = a y = a −1 z = a, we obtain the fermion and boson self-energies, respectively, given by
where F ⊥ (γ) and F z (γ) are given by 
(S23) Figure S1 shows the plots of F ⊥ (x) and F z (x). Then, after rescaling z → ze , (x, y) → (x, y)e z ⊥ , and τ → e z τ , and introducing the renormalization constant, ψ → ψ/Z 1/2
a → a/Z a , and g → g/Z g , we arrive at the following renormalized action,
Requiring the scaling invariance of the action, we obtain the renormalization constants as follows:
From these renormalization constants, we can obtain the following RG equations for d = 4 − ,
Thus, we find the RG equations for the dimensionless parameters α and γ as follows:
Effects of the symmetry-allowed parabolic term
If we include the symmetry-allowed parabolic term, s r (k 2 x + k 2 y )σ z , the non-interacting Hamiltonian H 0 is modified as
where B = ±1 for the topologically trivial and nontrivial insulator phases, respectively.
Boson self-energy
Similarly as in Eq. (S21), we can obtain the boson self-energy in the presence of the symmetry-allowed parabolic term as
where λ = sr tr .
Fermion self-energy
Similarly as in Eq. (S20), we can obtain the fermion self-energy as
where δ tr , δ tz and δ sr are, respectively, given by
Here, we introduce the following dimensionless functions,
Note that in the limit λ = 0, F ⊥ (γ, λ) = F ⊥ (γ), and F z (γ, λ) = F z (γ).
RG flow equation
From Sec. and Sec. , we can obtain the following RG flow equations,
Then, the RG equations for the dimensionless parameters, α, γ and λ are given by
For given N f , the RG equations have unstable fixed point, α * = 0 with arbitrary γ * and λ * , and stable interacting fixed point, (α * , γ * , λ * ) = (0.342 /N f , 0.799 − 0.079/N f , −B(0.875 + 0.032/N f )) for large N f . Then, near the interacting fixed point,
Thus, the bosonic and fermionic anisotropy parameters a and β −1 diverge at the stable interacting fixed point. Therefore, even if we keep s r (k 2 x +k 2 y )σ z , the interacting fixed point still exhibits anisotropic non-Fermi liquid behaviors.
DETAILS OF THE LARGE N f CALCULATION
In this section, we will show the detailed calculations of the large N f method.
Boson self-energy
Consider the self-energy of the Coulomb interaction given by
where ε i± = ε i (k ± q/2) and E ± = i ε 2 i± .
qr dependence
Let us find the q r dependence in Π(iΩ, q) with non-zero iΩ. Because of the emergent rotational symmetry along the k z -axis, we put q r = q rx for simplicity. After changing the integration variables, k x → q r x, k y → q r y, k z → (t r /t z ) 1/2 q r z, we get
The corrections δ ω , δ tr , and δ tz are evaluated in the following subsections.
ω correction δω
The correction δ ω is given by
After changing the integration variables, q r → √ βq z a and Ω → βt r q 2 z b, we have
where C ω = 0.366072. Note that δ ω has a logarithmic divergence both in the UV and IR cutoffs.
tr correction δt r
The correction δ tr is given by
where C tr = 0.614362. Note that δ tr has a logarithmic divergence both in the UV and IR cutoffs.
where C g = C ω , which is consistent with the Ward identity.
CONSISTENCY BETWEEN THE LARGE N f CALCULATION AND EXPANSION
In this section, we will show the correspondence between the large N f calculation and the expansion. In the static (Ω = 0) and long wavelength limit (q → 0), the boson propagator in the large N f approximation has the following form for the momentum dependence:
Free energy
In this section, we will calculate the free energy at the TQPT in the non-interacting limit from which the specific heat and the compressibility are derived. The finite-temperature propagator of fermion is
where we introduce the chemical potential µ for deriving the compressibility. The partition function and its logarithmic form are given by
where β = T −1 and we use the relation
By using
we obtain the free energy density as 
where Li n (x) is the polylogarithm function.
Specific heat
For µ = 0, using Li 
The specific heat at µ = 0 is then given by
(S100)
Similarly, χ D,z is given by (S105)
Optical conductivity
The optical conductivity is given by 
Now, let us find the power-law corrections of the physical observables by using scaling hypothesis with the renormalized quantity O R and the scaling dimension d O for an observable O. For the density of states, we have
whereas for the free energy,
From Eq. (S123), we obtain the specific heat and the compressibility, respectively, as
To determine the scaling relation of the optical conductivities and the diamagnetic susceptibilities, we use the minimal coupling −i∂ i → −i∂ i + e 0 A i (τ, x), where A i (τ, x) is a gauge-field. Since e 0 receives no renormalization at all, the scaling dimension of A i is the same as that of ∂ i . The optical conductivities and the diamagnetic susceptibilities can be obtained from the current-current response function K ij (iω, q) = 1 (2π) d+1 δ(ω+Ω)δ d (q+p) J i (iω, q)J j (iΩ, p) with J i (iω, q) = e 0 k ψ † (iω, k + q) ∂H0(k) ∂ki ψ(iω, k) by the following relations [1, 2] :
ImK ret ij (ω, q = 0), (S126)
Here, the repeated indices are not summed. Becasue J i (iω, q)J j (iΩ, p) is obtained by differentiating the logarithm of the partition function Z[A] with respect to A i (iω, q) and A j (iω, p), the scaling dimension of K ij (iω, q), namely [K ij ], is given by
Equipped with this scaling relation of K ij , we can derive the following relations:
The RG equation of the temperature and frequency is 
For the specific heat and compressibility,
